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Abstract. The nth Delannoy number and the nth Schroder number 
given by 

D » = E Q (" I k ) " ,d 5 " = p (" I *) FfT 

k=0 k=Q 

respectively arise naturally from enumerative combinatorics. Let p be an 
odd prime. We mainly show that 

p-i 



k = l 

and 

p-i 



E^ 2 (ir) E *- 3(mod!>) 



fe=l 



where ( — ) is the Legendre symbol, Eq, E\, E2, ■ ■ ■ are Euler numbers, and 
m is any integer not divisible by p. We also conjecture that 



J2^- = -2q p (2f (modp) 



fe=i 



where q p (2) denotes the Fermat quotient (2 P 1 — 
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1. Introduction 

For n G N = {0, 1,2,...}, the (central) Delannoy number D n denotes 
the number of lattice paths from the point (0, 0) to (n, n) with steps 
(1, 0), (0, 1) and (1, 1), while the Schroder number S n represents the num- 
ber of such paths that never rise above the line y = x. It is known that 

fn\ (n + k\ fn + k\ (2k 

Dn = 1^ \ h ) \ h ) = 1^ 

and 



. k J \ k J V 2/u / V k 

k=0 v 7 v 7 k=0 



*-g©("r)*Ti-g("i>- 

where C k stands for the Catalan number ( 2 fc fc ) j{k + 1) = ( 2 *) - For 
information on D n and S n , the reader may consult [CHV], [S], and p. 178 
and p. 185 of [St]. 

Despite their combinatorial backgrounds, surprisingly Delannoy num- 
bers and Schroder numbers have some nice number-theoretic properties. 

As usual, for an odd prime p we let (-) denote the Legendre symbol. 
Recall that Euler numbers Eq, E\, E2, ■ . . are integers defined by E = 1 
and the recursion: 

J2(t) En - k = for ^ = M,3,.... 

k=o ^ 7 

2\k 

Our first theorem is concerned with Delannoy numbers and their gen- 
eralization. 

Theorem 1.1. Let p be an odd prime. Then 
p-i 



k=i 

and 



E % - 2 (y ) ^-3 (mod P ) (l.l) 



i->k 



Ey^-9p( 2 ) ( mo M, (1-2) 
fc=i 

where q p (2) denotes the Fermat quotient (2 P_1 — l)/p. If we set 

A.(*) = E (J) (»eN), 



A;=0 

t/ien /or any p-adic integer x we have 

£ ^ = (-i + ^+(-i-^+2 (mod p) (1 3) 



A:=l 
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Corollary 1.1. Let p be an odd prime. We have 
p-i li 
~ k 



p- 1 D / 3 \ 

— - — = — 2q p (2) (mod p) provided p 7^ 3, (1-4) 

k=i 

£ E±U1 s iz£ (mod P) , (1 . 6) 



k=i 

E^^=- 6 ^( 2 ) ( mod ^)' (1-6) 
k=i 



and also 

gM^ s _i Pp _ (f)(mo dp), (1.7) 
fc=i 

where the Pell sequence {P n }n^o is given by 

P = 0, Pi = l, andP n+1 = 2P n + P n _ 1 (n = 1, 2, 3, . . . ). 
If p 5, then 

p 2. 

fc=i p 
where the Fibonacci sequence {F n } n ^o is defined by 

F = 0, F 1 = 1, and F n+1 = F n + F n _i (n = 1, 2, 3, . . . ). 

Now we propose two conjectures which seem challenging in the author's 
opinion. 

Conjecture 1.1. Let p > 3 be a prime. We have 

P- 1 D 2 

J2-t=-2q p (2) 2 (modp), (1.9) 

fc=i 

p- 1 D 

^y = -? P (2)+P? P (2) 2 (mod/), (1.10) 
k=i 

P- 1 p - l (_-\\k + o 

J2D k S k = -2pJ2 - \ (mod/), 



k 

k=i k=i 



(/ ' r 4x 2 (mod p) i/p = 1 (mod 4) & p = x 2 + y 2 (2 f x, 2 | y), 



and 

0-1) 



k=i 



(mod p) if p = 3 (mod 4). 



ZHI-WEI SUN 

- 1 „2 /„, - 



Also, Yln=i s n/ n = ~ 6 ( m od p) ; where 



fc=0 



Remark 1.1. Let p be an odd prime. Though there are many congru- 
ences for <z P (2) mod p, (1.9) is curious since its left-hand side is a sum 
of squares. It is known that Xwb=i = ~~ P 2 B p -3/3 (mod p 3 ) if p > 3, 
where So, -Bi, -B2, • • • are Bernoulli numbers. In addition, we can prove 
that = (f ) ~P 2 E P -s (mod p 3 ) and ££j D* ee (§) (mod p). 

Conjecture 1.2. Let p > 3 fee a prime. Then 

£(-d^(2) 3 - E(-D*D» (-J) 3 - (^) QY 

fc=0 fc=0 x 7 \ / fc =o v 7 

(^-)(4x 2 — 2p) (mod p 2 ) if p = 1 (mod 3) & p = x 2 + 3y 2 (x, j/GZ), 

(mod p 2 ) if p = 2 (mod 3). 



4x 2 - 2p (mod p 2 ) z/p = 1, 7 (mod 24) and p = x 2 + 6y 2 (x, y G Z), 
8x 2 - 2p (mod p 2 ) t/p = 5, 11 (mod 24) and p = 2x 2 + 3y 2 (x, y G Z), 
0(modp 2 ) i/(^) = _i. 



p 



E(-d^(-4) 3 - (^) B-i)'^ (4) 

A;=0 \ f / k=0 \ / 

4x 2 - 2p (mod p 2 ) i/p = 1, 4 (mod 15) and p = x 2 + 15y 2 (x, y G Z), 
12x 2 - 2p (mod p 2 ) i/p = 2, 8 (mod 15) and p = 3x 2 + 5y 2 (x, y G Z), 
0(modp 2 ) if (=^) = -l. 

Remark 1.2. Note that (— l) n D n (x) = D n (—x — 1) for any tiGN, since 



Concerning Schroder numbers we establish the following result. 
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Theorem 1.2. Letp be an odd prime and letm be an integer not divisible 
by p. Then 



Example 1.1. Theorem 1.2 in the case m = 6 gives that 
p- 1 g 

— = (mod p) for any prime p > 3. (1-12) 

k=i 



For technical reasons, we will prove Theorem 1.2 in the next section 
and show Theorem 1.1 and Corollary 1.1 in Section 3. 

2. Proof of Theorem 1.2 

Lemma 2.1. Letp be an odd prime and letm be any integer not divisible 
by p. Then 

Proof. This follows from [SulO, Theorem 1.1] in which the author even 
determined J2k = \Ck/m k mod p 2 . However, we will give here a simple 
proof of (2.1). 

For each k = 1, . . . ,p — 1, we clearly have 

Note also that 

C^^^n^T^- 1 (modp). 

y k=i 
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Therefore 

= ^ ((P-W\ 1 ( 4\ fc C p -x 

fc=l 0<A:<p-l v 7 v 7 

(p-l)/2 - , x fc+i 



4 p+1 V * + l / V ™) 



m 

x 

7) 4- 1 

fc=l 

m// 4 \ (p+1)/2 p + 1 / 4 

2 V V m / 2 \ m 

m ( m — 4 



x 



(m(m-4))(P~ 1 )/ 2 _ 1 _2_\ _ 1 
m p_1 m / 



m — 4 / m(m — 4) \ m „ . , , 
' H 2 (mod p) 



2 V P / 2 
and hence (2.1) follows. □ 

Lemma 2.2. For any odd prime p we have 



J2s k = 2(—\-2? (modp 2 ). (2.2) 
k=i \ P / 



Proof. Recall the known identity (cf. (5.26) of [GKP, p. 169]) 

n\ fm+1 
k) = \k + l 



n=0 

Then 

p-l p-l n , 7N p-l p-1 , , 

E 5 » = E E (" 2i: ) Ct = E c * E ( n 2fc 

n=0 n=0 fc=0 v 7 fc=0 n=k v 

P — 1 / 7 \ P~ 1 



^ K-lJ'ffc!) 2 £^ / 2 1 \ . , 2 , 



fc=0 v ' v fc=0 

Observe that 



2p V ^ =PV ^ + 1 
^^2fc + l ^f^V2/e+l 2(p-l-/c) + W 

fc=0 fc=o v vr y 1 / 

^S" 1 ^ (^fe+l + 2p- (2fc + l)) 



M-l) (p - 1)/2 ( ~ + ^—) = 2 (—) (mod p 2 ). 
VP 2p-pJ \ p J 
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Also, 



^ (-1)* * (-1)* 

fc=0 fc=l 



fc=l v 7 fc=0 v 



Combining the above, we obtain 

Y S n = 2 — + 1 - 2^ (mod p 2 ) 
V P / 

and hence (2.2) holds. □ 

Proof of Theorem 1.2. In the case m = 1 (mod p), (1.11) reduces to the 
congruence 

p-i 



E^ = - 2 (^(y)) (modp) 



which follows from (2.2) in view of Fermat's little theorem. 
Below we assume that m ^ 1 (mod p) . Then 



p—i 1 p— i 



V — = V m"" 1 -" = ^— = (mod p) 



m n ^ m — 1 

n=l n=l 



and hence 



P-l c P-l c -, P-l v^ n fn+fcN/o P _1 P _1 fn+fc\ 

y *± = y = y ^ 1 2fc jCfc = y % y (mod P ). 

' ■> £ j m n J m n J in J Ul n ~ 

n=l n=l n=l k=l n=k 

Given k e {1, . . . ,p — 1}, we have 

P-l (n+k\ p-l-k /2k+r\ p—l-k /_2fc-l\ p-l-k / p _i_2fc\ 

E%r = E L ^ 1 = E V^v 1 " E V^^^)- 

m n ft TO r i_^< l— my ^-^ {—my 

n=k r=0 r=0 v 7 r=0 v ' 



If (p - l)/2 < fc < p - 1, then 
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Therefore 



P-l o (P-!)/ 2 r / , NP-1-2A: n 

ST^ >->n _ S~-^ ^k / 1 1 \ <^p-l 

Z-^ m n /L^i m k I m I mP -1 

n=l k=l V 7 

P-l / \ 2fc p-l 



y— -i r< / \ ZK r< 



where mo is an integer with mo = (m — l) 2 /m (mod p). By Lemma 2.1, 
p— l 

_ m - 4 / _ / m (m - 4) 
^ m fc " 2 V V P 
mmo — 4m 



2m 

\2 



/ mmo (mmo ~ 4m) \ 
VP/ 



_ (m — l) 2 — 4m / / (m — l) 2 — 4m 
= 2m V V P 



(mod p). 



So (1.11) follows. We are done. □ 

3. Proofs of Theorem 1.1 and Corollary 1.1 

We need some combinatorial identities. 
Lemma 3.1. For any n e N, we have 

2n ^ 2^r^2n 

^o 2n + 1 " 2r (2n+l)ffl 



v (-i) r ( 2 ;) _ (-is)- , . 

2n + 1 - 2r f2n + 11 ( 2n l 1 ' ' 



and 



that is, 



(-l) r (l n ) _ (-16)" (32) 
^(2n + l-2r) 2 ( 2n + l) 2 ( 2 n n ) ' 



v^iyr M= ie " m s =i,2. (3.3) 



Proof. If we denote by a n the left-hand side of (3.1), then the well-known 
Zeilberger algorithm (cf. [PWZ]) yields the recursion 

8(?2 + l) 

a n +i = — 2n + 3 ° n ^ = ' ' ' 



ON DELANNOY NUMBERS AND SCHRODER NUMBERS 



9 



So (3.1) can be easily proved by induction. (3.2) is equivalent to [Sull, 
(2.5)] which was shown by a similar method. Clearly (3.3) is just a com- 
bination of (3.1) and (3.2). We are done. □ 

Proof of Theorem 1.1. Let s G {1, 2} and let x be any p-adic integer. We 
claim that 

^3 + £^= E ^(niodp). (3.4) 

n=l fc=l 

Clearly, 

n s Z^ n s Z^ I J Z^ n a 

n=l n=l fc=l x ' n=k 

Note that X^n=i l/n s = — 5 S)2 5 P ,3 (mod p) since 

p-i ^ p-i ^ 

fc=l v ; n=l 

As p | ( 2 fc fc ) for fc = (p + l)/2, ... ,p - 1, and 

P-l /n+fc\ p-l-k /2k+r\ p-l-k s r /p-l-2k\ 

for /c = 1, . . . , (p — l)/2, by applying Lemma 3.1 we obtain from the above 
that 

p-i rw \ (p-i)/2 



( ^ /2 /2fcW „_ 1)/2 _ t / -1/2 \ 



fc=l 

(p-1)/2 

E 

fc=i 



2fc\ x fc /(p-l)/2\ 1 



k J k s 4 k \ k 



{P Z^ /2 f2k\ x k f-l/2\~ 1 {p ^l /2 (-x) k 

E 0= ^ T) - E ^(-odrt. 

fe=i v 7 v 7 fc=i 



In the case s = 2 and x = 1, (3.4) yields the congruence 

p-i n (p-i)/2 , , fc 

^+E^ = E ^-(-odp)- 

n=l fc=l 
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By Lehmer [L, (20)] 

(p-l)/2 



1 

E = *P.3 + ( — J E P~3 ( m ° d P) 

k=i \ y / 



2\k 

and hence 

(P" 1 )/ 2 ( i\k (P- 1 )/ 2 , (P-l)/2 



E H^ = 2 S ]fe2- E ^ P ,3 + 2 -K_ 3 (modp) 
fc=i fc=i fc=i v 1 7 

2|fc 

since Efc 1)/2 (1A 2 + V(P " ^) 2 ) = YT=\ 1 / k2 = ( mod p) if P > 3 - So 
(1.1) follows. 

With the help of (3.4) in the case s = x = 1, we have 

-Dn _ ^ ^ 1 (P v^ /2 / (j^l {-iy~ k 

h n h k 2 h v * p-* 

-^EKrO=-^?©=- (2)(mod ^ 

fc=i y 7 ^ fc=i y 7 

This proves (1.2). 

Now fix a p-adic integer x. Observe that 

" E Mr^ -2 E sfe-i)^* 

fc=i fc=i v 7 

=E (^(-^a^y + i-v^y) 

3 = 1 V7 

= (-1 + ^f^) p + (-1 - v 73 ^ + 2 (mod p 2 ). 

Combining this with (3.4) in the case s = 1 we immediately get (1.3). 
The proof of Theorem 1.1 is now complete. □ 

Remark 3.1. By modifying our proof of (1.2) and using the new identity 
Ylr=o ( 2 r)/(^ n + 1 — 2r) = 2 2n /(2n + 1), we can prove the congruence 
Ylk=i(~ l) ks k/k = 4((|) — 1) (mod p) for any odd prime p. Combining 
this with J2k=\(~ l) k Dk/k = —AP p _^2.)/p (mod p) (an equivalent form of 
(1.7)) we obtain that YXX{-l) k S k /k = 4(1 - (§) - P p _ ( |)/p) (mod p). 
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Proof of Corollary 1.1. Note that u = (—1 + y/—3)/2 is a primitiv e cubic 
root of unity. If p ^ 3, then 

(-1 + V^>) p + (-1 - = (2u) p + (2u 2 ) p = -2 p 

and hence (1.3) with x = 3 yields the congruence in (1.4). 
Clearly (1.5) follows from (1.3) with x = —4. 

Since 2 P - 4 P + 2 = (2 - 2 P )(2 P + 1) = 6(1 - 2 P ~ X ) (mod p 2 ), (1.3) in 
the case x = — 9 yields (1.6). 

The companion sequence {Qn} n ^o of the Pell sequence is defined by 
Qo = Qi = 2 and = 2Q n + Q n _i (n = 1, 2, 3, . . . ). It is well known 

that 

Q n = (1 + v^)™ + (1 - v 7 ^) 71 for all tiGN. 
(1.3) with x = — 2 yields the congruence 

ED fc (-2) 2-Q p 
: = mod p). 
k V 
fe=i ^ 



Since Q p -2 = 4P p _ (1) (mod p 2 ) by the proof of [ST, Corollary 1.3], (1.7) 
follows immediately. 

Recall that the Lucas sequence {L n } n >o is given by 

L = 2, Li = 1, and L n+1 = L n + L n _i (n = 1,2, 3, . . .). 

It is well known that 

L n =\ 1 A^Y forallnGN. 

Putting x = — 5 in (1.3) we get 

P y, D k (-5) _ 2-2 p L p = 2 p (l -L p ) + 2-2 p 

= - -(L p - 1) - 2q p (2) (modp). 

It is known that 2(L p — 1) = 5i ? p _ ( -£- ) (mod p 2 ) provided p ^ 5 (see the 
proof of [ST, Corollary 1.3]). So (1.8) holds if p ^ 5. We are done. □ 
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